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As a result, it could be inferred that the s and Z 
dependences of r/+1 - r/c Z are similar to the subtraction 
(24) - (23) and (26). An analytic form of 11 +l - r/c z will 
be highly desirable for the interpretation of the 
scattering phase for ionized atoms. 

The numerical computations were performed on a 
FACOM M-190 of the Kyoto University Computing 
Center and FACOM 230-60 of the Osaka City Univer- 
sity Computing Center. The authors would like to 
thank Dr Y. Kudo for his help, since this study was 
carried out by improving his original programs in 
nuclear research. They would also like to thank S. 
Kodera for his help in the numerical calculations and 
are grateful to Professor H. Watanabe for his en- 
couragement. 
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Abstract 

Transformation matrices required to obtain a conven- 
tional cell (Crystal Data cell) from the reduced cell 
have been applied to 47 000 crystalline compounds in 
the Crystal Data file. For 97% of the compounds, the 
calculations from the reduced cells yield conventional 
cells (lattice parameters, lattice type, and crystal 
system) that are entirely consistent with those reported 
in the original literature. In a few instances in which the 
reduced-cell matrix indicated a higher symmetry, the 
author has often noted that the crystal was unusual in 
some way or there was an error in the reported 
symmetry. Some implications of the results of this 
survey are: (1) metric symmetry as determined from 
the reduced cell is usually identical to the crystal-lattice 
symmetry; (2) determination of precise cell parameters 
defining any primitive cell of the lattice is valuable 
because from them one can conveniently determine the 

0567-7394/80/020321-06501.00 

crystal system with a high degree of confidence (the 
results, however, should still be verified by checking 
equivalent intensities and systematic extinctions); (3) if 
the metric symmetry obtained from the reduced cell 
and the symmetry determined by other techniques do 
not agree, the reason should be sought as there are 
often important structural implications; (4) the 
sequence of steps in an automatic procedure for the 
determination of space groups could be: primitive cell, 
reduced cell, lattice metric symmetry, crystal-lattice 
symmetry, extinction conditions. 

Introduction 

Research on crystallographic data bases should lead to 
the discovery of new relationships, to new classification 
schemes and to better data evaluation. Such data bases 
will become increasingly important in scientific 

© 1980 International Union of Crystallography 
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research b~.cause they provide large representative sets 
of critically evaluated data which can readily be studied 
on the computer by sophisticated algorithms. As the 
data cover crystalline compounds from many branches 
of science, they also facilitate interdisciplinary research. 

With the NBS Crystal Data file, one can syste- 
matically analyze such structural and lattice-related 
phenomena as: symmetry, coincidence-site lattices, 
derivative lattices, space groups, and twinning. Since 
the crystalline state is based on the lattice, a geometri- 
cal concept, the field is amenable to many kinds of 
mathematical analyses. New theoretical ideas on twin- 
ning, for instance, could be checked by developing 
algorithms and running computer programs on sample 
data from the file. 

Two studies that demonstrate the basic importance 
of the metric lattice in crystallography have been car- 
ried out with the NBS Crystal Data file. In the first (J. 
Rodgers & A. Mighell, manuscript in preparation), we 
have found that the metric lattice of a substance can be 
used to identify and characterize materials. In this 
second study, we describe a classification according to 
the reduced form of all crystalline compounds that are 
listed in Crystal Data Determinative Tables (1972, 
1973, 1978) as well as compounds that are to appear in 
forthcoming volumes of Crystal Data. This classifi- 
cation has allowed us to make an analysis of the 
relationship between lattice metric symmetry and 
crystal-lattice symmetry. On the basis of this analysis, 
we outline a symmetry determination procedure that 
could be adapted to an automated diffractometer. 

E x p e r i m e n t a l  

From the NBS Crystal Data file we have syste- 
matically classified 47000 crystalline compounds 
according to reduced form and determined how 
accurately the Bravais lattice can be derived from any 
primitive cell by the following sequence: 

published cell --, any primitive cell ~ reduced cell 
Bravais cell and lattice symmetry. 

The required transformations from a given reduced cell 
(Niggli, 1928) to a conventional cell are presented in 
International Tables for X-ray Crystallography (1969) 
and are listed in the Appendix of this paper. For the 
calculation of the reduced cell, see Santoro & Mighell 
(1970). 

First the compounds were classified into the 44 
reduced forms, and the relative frequency of occurrence 
of each form was then determined, for organic 
compounds (Fig. 1) and for inorganic compounds (Fig. 
2). All 44 reduced forms are represented although the 
distribution is uneven. Primitive lattices are the most 
common. Inspection of the two figures shows that the 
two frequencies are fundamentally different. Almost all 

organic compounds (approximately 95%)fall  in space 
groups of orthorhombic or lower symmetry. In fact, 
75-7% of all organic substances crystallize in five space 
groups (Fig. 3): 35.5% in P2~/c (reduced forms 33, 34, 
35); 12.4% in P2~2~2~ (reduced form 32); 7.6% in P2~ 
(reduced forms 33, 34, 35); 13.3% in P i  (reduced 
forms 31, 44); and 6-9% in C2/c (dispersed among 13 
reduced forms). In contrast, inorganic compounds 
commonly crystallize in space groups (Fig. 4) of ortho- 
rhombic or higher symmetry. Thus the reduced forms 
1, 3, 11, 12, 22, and 32 are commonly encountered. 

Once a cell had been classified into one of the 44 
reduced forms, the corresponding Bravais lattice 
(metric) was determined with a symmetry algorithm 
based on the transformation matrices given in Table 1 
(see Appendix). The lattice metric symmetry was then 
compared with the true crystal-lattice symmetry. The 
crystal-lattice symmetry was that reported by the 
author of the original reference and was usually 
determined along with the space group from diffraction 
intensities. Lattice metric symmetry and crystal-lattice 
symmetry were found to be identical in over 97% of the 
cases. This demonstrates that the reduced cell (com- 
bined with the symmetry algorithm) can usually be 
relied on to determine the crystal-lattice symmetry. The 
number of exceptions will undoubtedly decrease with 
the improvement of the cell determination and refine- 
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Fig. 1. Classification of organic materials and organometaUic 
complexes by reduced form number. The figure shows the 
relative frequency of occurrence for each of the 44 reduced 
forms. Prepared from data for 21 051 compounds for which 
structures have been determined (to November 1978). The data 
are from Vols 1 and 3 of Crystal Data and from the structural 
entries in the Cambridge Data Bank. 
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ment procedures which would increase the precision of 
the unit-cell parameters. 

Discussion 

This symmetry analysis represents our second study on 
lattices from a large crystallographic data base. In our 
first study (manuscript in preparation), we found that 
the metric lattice of a crystalline compound is highly 
characteristic for the substance, especially for the low- 
symmetry organic and organometallic crystalline com- 
pounds. The first study established that highly selective 
identification procedures can be devised because of the 
uniqueness of the metric lattice. For several years, a 
reduced-cell file has been used in conjunction with a 
computer-based registration system for new com- 
pounds at the Cambridge Crystallographic Data 
Centre. This registration work shows that a primitive 
cell of the lattice ( e . g .  the reduced cell) could serve as 
the basis of a solid-state registry number. 

In this symmetry study, it was found that the lattice 
metric symmetry is closely correlated with the crystal- 
lattice symmetry. Thus any primitive cell of the lattice 
is sufficient not only to identify (register) a compound 
but also to determine its metric symmetry. Use of 
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Fig. 2. Classification of inorganic materials by reduced form 
number. The figure shows the relative frequency of occurrence 
for each of the 44 reduced forms. Prepared from data for 
approximately 26 000 compounds in Vols 2 and 4 of Crystal 
Data. 

reduced-cell techniques can save considerable time and 
prevent errors in symmetry determination, and they 
can reveal special structural features. For example, 
from the reduced cell, the experimentalist can quickly 
deduce whether he is dealing with a crystal of triclinic 
symmetry. If the reduced form is No. 31 or No. 44, the 
crystal lattice must be triclinic because its symmetry 
cannot exceed the metric symmetry. Sometimes a given 
reduced form may have more specialization than 
required. Such specialization can occur if one has 
determined a derivative lattice rather than the correct 
lattice or if the material has some unusual structural 
feature. In our evaluation of crystallographic data in the 
NBS and Cambridge Crystallographic Data Centers, 
we have  noted  that in s o m e  cases  the  correct  sym-  
metry  is missed. For example, rhombohedral symmetry 
may be incorrectly reported as monoclinic. In our 
work, we have found that reduced-cell files ordered on 
the magnitude of the cell parameters are useful in 
symmetry evaluation because isostructural compounds 
will be grouped together. Other modes of sorting and 
various computer checks are also invaluable in the 
evaluation of the symmetry of a new compound with 
respect to existing substances. 

This symmetry survey shows that methods based on 
the reduced cell are practical and efficient in the first 
step in the determination of crystal-lattice symmetry. A 
procedure that could be adapted to an automated 
diffractometer is summarized in Fig. 5. In this pro- 
cedure, the diffractometer must first obtain a primitive 
cell of the lattice. Without special precautions, one may 
obtain a supercell in reciprocal space rather than the 
correct cell. Methods to check systematically for a 
primitive cell (once a superceU has been determined) 
have been briefly discussed by Mighell (1976). A 

Space  group 
S y m b o l  and no. 

P2,/c (14) 
PI (2) 
P2a2j21 (19) 
P21 (4) 
C2/c (15) 
Pbca (61 ) 
P n m a  (62) 
Pna2 t (33) 
Pbcn (60) 
Pl (I )  
C2 (5) 
Cc (9) 
Pca2~ (29) 
P21/m (11) 
C2/m (12) 
P2~2~2~ (18) B 
P2/c (13) 
Fdd2 (43) m 
Pc (7) 
R~ (148) - -  

i i 
I 2 3 4 5 6 7 12 13 35 

Percent o f the total c o m p o u n d s  

Fig. 3. Relative frequency of space-group occurrence for 21 051 
organic crystalline compounds (compounds from same source as 
in Fig. 2). Our analysis shows that 75.7% of organic com- 
pounds crystallize in five space groups and that many space 
groups are uninhabited. 
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convenient algorithm for the calculation of the required 
subcells has been published in the appendix of a paper 
by Santoro & Mighell (1973). 

C o n c l u s i o n  

Some recommendations based on this study are: (1) far 
more emphasis should be placed on cell determination 
and refinement algorithms, because of the basic 
importance of the metric lattice in crystallography; (2) 
errors in the cell parameters must be appropriately 
determined and treated (preferably by statistical 
methods) so that one obtains the correct reduced form 
and reduced form number; (3) one should prove that 
the angles fixed by symmetry (e.g. a and 7 in the mono- 
clinic system with b the unique axis) are at the required 
values by metric means as well as by analysis of 
equivalent intensities; (4) in those exceptional cases in 
which the lattice metric symmetry exceeds the crystal- 
lattice symmetry, structural reasons for the pseudo- 
symmetry should be sought; (5) as part of editorial 
review procedures (e.g. in crystallographic compilation 
work), the reported symmetry of the crystals should be 

Space group 
Symbol and no. 

Fm3m (225) 
Pnma (62) 
Fd3m (227) 
P63/mmc (194) 
P21/c (14) 
Pm3m (221) 
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P61mmm (191) 
14_/m mm (139) 
P1 {2) 
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F~3m (216) 
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P21/m (11) 
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P6.,j/mcm (193) 
P212~2~ 119) 
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Fig. 4. Relative frequency of space-group occurrence for 11 641 
inorganic crystalline compounds (whose space groups are 
reported in the 3rd edition of Crystal Data). Our analysis shows 
that inorganic compounds are concentrated in relatively few 
space groups and that many space groups are uninhabited or 
sparsely populated. However, the concentration is not as great as 
with organic substances. 

checked routinely by reduction procedures; (6) auto- 
mated diffractometer procedures used in the deter- 
mination of symmetry should be backed by traditional 
optical methods. 

Finally, we wish to emphasize that it is the metric 
lattice of a crystalline compound that is so very impor- 
tant (with respect to characterization, symmetry deter- 
mination, etc.) and that the reduced cell is only one 
way, although practical and convenient, to describe it. 
Various other methods to study the metric lattices will 
undoubtedly be developed. For example, a general 
procedure to study lattice and interlattice relationships 
has been devised which does not depend on reduction 
but rather on transformation matrices relating lattices 
(Santoro, Mighell & Rodgers, to be submitted to Acta 
Crystallographica). 

The authors thank Drs Antonio Santoro and Judith 
K. Stalick of the National Bureau of Standards and 
Professor J. D. H. Donnay of McGill University for 
many helpful comments in connection with the subject 
matter and with the manuscript. We also thank Joseph 
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Fig. 5. Symmetry determination: the reduced cell as a routine tool. 
The crystal-lattice symmetry can never exceed the metric 
symmetry determined from the reduced cell, but it may be less. If 
the reduced form corresponds to a triclinic lattice, the crystal- 
lattice symmetry can only be triclinic; if the reduced form corres- 
ponds to a monoclinic lattice, the crystal system must be mono- 
clinic or triclinic. This survey shows, however, that in most cases 
(97%) the reduced form leads directly to the correct crystal 
lattice. 
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Seidel for his assistance with the computer coding of 
the symmetry routines used in this analysis. 

A P P E N D I X  

In Table 1, the 44 reduced forms and the corresponding 
conventional cells are presented in a simple format. 
This table is a slight modification [i.e. it is a shortened 
version with appropriate errata and addenda (see 
Mighell, Santoro & Donnay, 1971, 1975, and Parth6 & 
Hornstra, 1973)] of Table 5.1.3.1 which was prepared 
by A. D. Mighell, A. Santoro and J. D. H. Donnay for 
International Tables for  X-ray Crystallography (1969). 
We have found a computer algorithm based on the 
table convenient for the critical evaluation of symmetry 
in our crystal-data work. 

This table gives the transformation matrices relating 
the reduced cell to the corresponding conventional cell. 
For convenience, the reduced forms are first grouped in 
a = b = c , a = b , b = c ,  a n d a < b < c ( i . e ,  nospecial 
conditions other than those required for the reduced 
cell) categories and then further divided into positive 
and negative reduced forms. Also, we have found an 
alternative format, in which the reduced forms are 
arranged according to the Bravais lattice, to be con- 
venient for the determination of symmetry. 

Table conventions 

The following conventions apply: (1) in the ortho- 
rhombic system, the axes of the primitive, body- 
centered, and face-centered lattices are labeled to obey 
a < b < c. The side-centered lattice is taken as C cen- 
tered with a < b. (2) In the monoclinic system, b is 
taken as the unique axis, and a and c are chosen coinci- 
dent with the shortest two translations in the net (010) 0. 
(To assure the shortest translations, the conditions in 
the footnote for the specified monoclinic lattices must 
be checked. In those cases for which the trans- 
formation matrix in the footnote premultiplies a given 
table matrix, the resultant lattice centering is indicated 
in parentheses following the transformation matrix.) 
The angle fl is taken to be non-acute. This choice allows 
primitive, side-centered, and body-centered lattices. In 
the primitive and body-centered lattices a and c obey a 
< c. The side-centered lattice is taken as C centered. In 
the triclinic system, a < b < c. 

Crystal-Data cell: For identification purposes, the 
cell obtained by applying the table matrix can be 
converted to the cell used in Crystal Data by applying 
one of the following transformations: Triclinic system; 
type I cell: OiO/OOi/lO0; type II cell: 010/001/100. 
Monoclinic system: P and I lattices: OOi/OiO/iO0; C 
lattice: 100/010/001 ifc < a, OOi/OiO/iO0 ifc > a (the 
resulting cell is A centered). Orthorhombic system: P, L 
and F lattices: 010/001/100; C lattice: 100/010/001 if 
c < a < b, 00i /010/ i00  i fa  < c < b (the resulting cell 
is A centered), 010/001/100 if a < b < c (the resulting 
cell is B centered). No transformations are required in 
the hexagonal, tetragonal, and cubic systems. In the 
case of the rhombohedral lattice, note that the 
hexagonal coordinate axes (hR) are used. 
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